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Abstract. In this paper we study the heat equation (of Hodge-Laplacian) deformation 
of (p,p)-forms on a Kahler manifold. After identifying the condition and estabhshing 
that the positivity of a (p, p)-form solution is preserved under such an invariant condition 
we prove the sharp differential Harnack (in the sense of Li-Yau-Hamilton) estimates for 
the positive solutions of the Hodgc-Laplacian heat equation. Wc also prove a nonlinear 
version coupled with the Kahlcr-Ricci flow and some interpolating matrix differential 
Harnack type estimates for both the Kahler-Ricci flow and the Ricci flow. 



1. Introduction 

In this paper, wc study the deformation of positive (p,p)-forms on a Kahler manifold via 
the 9-Laplacian heat equation. One of our main goals of this paper is to prove differential 
Harnack estimates for positive solutions. The Harnack estimate for positive solutions of 
linear parabolic PDEs of divergence form goes back to the fundamental work of Moser [Ms] . 
In another fundamental work |L-Yj , Li and Yau, on Riemannian manifolds with nonnegative 
Ricci curvature, proved a sharp differential estimate which implies a sharp form of Harnack 
inequality for the positive solutions. Later, Hamilton |H3| proved the miraculous matrix 
differential estimates for the curvature operator of solutions to Ricci flow assuming that the 
curvature operator is nonnegative. Since the curvature operator of a Ricci flow solution 
satisfies a nonlinear diffusion-reaction equation, this result of Hamilton is as surprising as 
it is important. Due to this development people also call this type of sharp estimates 
Li-Yau-Hamilton (abbreviated as LYH) type estimates. There are many further works 
[SB la Eil [all [Chil [Chi [12 [12 [12 [HI ITTtT] in this direction since the foundational 
estimate of Li and Yau for linear heat equation and Hamilton's one for the Ricci flow, which 
cover various different geometric evolution equations, including the mean curvature flow, 
the Gauss curvature flow, the Kahler-Ricci flow, the Hermitian-Einstein flow, the Yamabe 
flow etc. 

Since the Harnack estimate for the linear equation implies the regularity of the weak 
solution, it has been an interesting question that if the celebrated De Giorgi-Nash-Moser 
theory for the linear equation has its analogue for linear systems. This unfortunately has 
been known to be false in the most general setting. As a geometric interesting system, the 
Hodge-Laplacian operator on forms has been extensively studied since the original works of 
Hodge and Kodaira (see for example Morrey's classics |Mo2j and references therein). It is 
a natural candidate on which one would like to investigate whether or not the differential 
Harnack estimates of LYH type still hold. One of the main results of this paper is to prove 
such LYH type estimates for this system. The positivity (really meaning non-negativity) 
of the (p,p)-form is in the sense of Lelong [Q. In fact, in |N2j the first author proved a 
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LYH type estimate for positive semi-definite Hermitian symmetric tensors satisfying tfie 
so-called Lichnerowicz-Laplacian heat equation. This in particular applies to solutions of 
(1, l)-forms to the Hodgc-Laplacian heat equation. The first main result of this paper is 
to generalize this result for (1, l)-forms to solutions of (p,p)-forms to the Hodgc-Laplacian 
heat equation. The result is proved under a new curvature condition Cp. Wc say that the 
curvature operator Rm of a Kahler manifold (M, g) satisfies Cp (or lies inside the cone Cp) 
if (Rm(a), a) > for any a <E A^'^C") such that a ^ Y.l=i A Yt with Xk,Yk & T'M. 
Here TM (g) C = T'M © T"M, (•, •) is the bilinear extension of the Riemannian product, 
and we identify T'M with C™. Under the condition Cp we prove the following result. 

Theorem 1.1. For (l>{x,t), a positive {p,p)-form satisfying -|- Ag) (f>(x,t) — 0, then 
^ -.3*8*4) + ^=ty ■ d*(t> - -^iy ■ ^*'t> + V^iv ■ iv-4>+^>^ 



as a {p — l,p — l)-form, for any (1,0) type vector field V. Here A is the adjoint of the 
operator L = uj A {■) with lo being the Kahler form. 

The above estimate is compatible with the Hodge * operator (see Section 4 for the detailed 
discussions) . Also note the easy fact that ^-operator maps a positive (p, p)-form to a positive 
(m — p,m — p)-form. It then implies that if -0 = 



i(^) 



^f^ddi} + V^V* A - V^TF A 9V + V^V* A V" A V + > 

as a {m — p + l,m — p + l)-form, with V* being a (l,0)-type 1-form. This generalizes 
the matrix estimate for positive solutions to the heat equation proved in |C-N] . which 
asserts \/—ldd\og ip + j > 0- (Note that this is the matrix version of Li-Yau's estimate: 
Alog-0 + Y ^ ^- Sse also [Y] for the earlier work for harmonic functions.) For the proof, 
it is a combination of techniques of |Coj . |N2| . jN-T2| and Hamilton's argument in |H3j . 
Applying to the static solution the above result asserts a differential estimate: 

(1.1) — i=a*a*0 + -^i-v ■ d*(t) - V • d*(f) + • • (/> > 



for any 9-harmonic positive (p,p)-forni and any vector field V of (l,0)-type. Note here 
on a noncompact manifold, being harmonic does not imply that 9*0 = (or 9*0 = 0). 

As a result of independent interest we also observe that Cp is an invariant condition under 
the Kahler-Ricci flow, thanks to a general invariant cone result of Wilking, whose proof we 
include here in the Appendix (see also a recent preprint |C-T| V Note that this result of Wilk- 
ing includes almost all the known invariant cones such as the nonnegativity of biscctional 
curvature, the nonnegativity of isotropic curvature, etc. 

After establishing the invariance of Cp, it is natural to study the heat equation for the 
Hodge-Laplacian coupled with the Kahler-Ricci fiow. For this wc proved the following 
nonlinear version of the above estimate. 

Theorem 1.2. Assume that 0(.t, t) > is a solution to heat equation of the Hodge-Laplacian 
coupled with the Kahler-Ricci flow: ■§igfj = —Rfj- Then 

^ =5*9*0 + -^iv ■ d*4> - -^iy ■ 5*0 + V^iv ■^y(t> + ARic(0) + ^ > 



as a [p— \,p—\)-form for any (1,0) type vector field V . Here ARic0 is the adjoint o/Ric A(-) 
with Ric = \/—lRj^jdz'^ A dz^ being the Ricci form. 
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To prove the above result it is necessary to prove the following family of matrix differential 
estimates which interpolate between Hamilton's matrix estimate and Cao's estimate for the 
Kahler-Ricci flow. 

Theorem 1.3. Let [M,g(t)) he a complete solution to the Kdhler-Ricci flow satisfying 
the condition Cp on M X [0, T] . When M is noncompact we assume that the curvature of 
{M,g(t)) is bounded on M x [0,r]. Then for any A^'^ -vector U which can be written as 
U = Xi AYi -\-W AV , for {l,0)-type vectors Xi,Yi,W,V, the Hermitian bilinear form 

Q{U ®W) = M^^W^W^ + P^-p^u'^-'W + P„^-C/"^W^'^ + R^^^-gU'^^u'^-' 

satisfies that Q > for any t > 0. Moreover, if the equality ever occurs for some t > 0, the 
universal cover of [M,g(t)) must be a gradient expanding Kdhler-Ricci soliton. 

Recall that the tensors M and P are defined as A^^,^ = AR^fj-\-R^p^gRs^ + , Pap-y = 
V-),i?Q,^, Pa/Bj = ^j^ap- There exists a similar condition Cp for Riemannian manifold 
which can be formulated similarly. Precisely we call the curvature operator satisfies Cp if 
(Rm(v), v) > for any nonzero v G A^(C") which can be written a.s v ~ ^ ^^r 

some complex vectors Zi and Wi € TM (g) C. For Kahler manifolds it can be shown that 
Cp = C2p and C2 amounts to the nonnegativity of the complex sectional curvature, a notion 
goes back at least to the work of Sampson |Sa| on harmonic maps. This leads us to discover 
another family of matrix differential estimates for the Ricci flow which interpolate the result 
of Hamilton and a recent result of Brendle. 

Theorem 1.4. Assume that {M,g{t)) on M x [0,T] satisfies Cp. When M is noncompact 
we also assume that the curvature of {M,g{t)) is uniformly bounded on M x [0,r]. Then 
for any t > 0, the quadratic form 

Q{W ®U) = {M{W),W) + 2{P{W), U) + (Rm([/), U) 

satisfies that Q>0 for any {x, t) e M x [0, T], W € T^M (g)C andU e A'^{T^M ^ C) such 
that U = ^ ■^M with Wp = W . Furthermore, the equality holds for some t > 

implies that the universal cover of {M,g{t)) is a gradient expanding Ricci soliton. 

Here M and P are defined similarly. In fact for p — 1, our result is slightly stronger 
than Brendle's estimate. After we finished our paper, we were brought the attention to 
a recent preprint |C-T| . where a similar, but seemly more general result, was formulated 
in terms of the space-time consideration of Chow and Chu jC-C| . In the Spring of 2009 
Wilking informed us that he has obtained a differential Harnack estimate for the Ricci flow 
with positive isotropic curvature, whose precise statement however is not known to us. It 
is very possible that the above result is a special case of his. Nevertheless our statement 
and proof here are direct/explicit without involving the space-time formulation. The proof 
is also rather short (see Section 9), can be easily checked and is motivated by the Kahler 
case. 

Here is how we organize the paper. In Section 2 we prove that under the condition Cp 
the positivity of the (p,p)-forms is preserved under the Hodge-Laplacian heat equation. In 
Section 3 wc derive the invariance of Cp by refining an argument of Wilking which is detailed 
in the Appendix. In Section 4 we collect and prove some preliminary formulae needed for 
the proof of the Theorem 11.11 The rigidity on the equality well as a monotonicity 

formula implied by Theorem 11.11 was also included in Section 4. Section 5 is devoted to the 
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proof of Thcorcm ll.il Sections 6 and 8 are devoted to the proof of Theorem II. 21 as Section 
7 is on the proof Theorem 11.31 which is needed in Section 8. Section 9 is on the proof of 
Theorem ll.4l Since up to Section 9 we present only the argument for the compact manifolds, 
Section 10 is the noncompact version of Sections 3, 7, 10, where the metric is assumed to 
have bounded curvature, while Section 11 supplies the argument for the noncompact version 
of Section 2, 6, where no upper bound on the curvature is assumed. Due to the length of 
the paper we shall study the applications of the estimates in a forth coming article. 

2. Heat equation deformation of {p,p)-forms 

Let {M"^,g) be a complex Hcrmitian manifold of complex dimension m. Recall that a 
(p,p)-form (j) is called positive if for any x G M and for any vectors vi,V2, ■ ■ - jVp € T^'^M, 
((/), "y=f^i A wi A • • • A y=f A Vp) > 0. By linear algebra (see also [Si]) it is equivalent 
to the condition that the nonnegativity holds for fi, ■ ■ ■ ,Vp satisfying that {vi,Vj) = Sij. 
We also denote {(j), "y=f ^^i A iJi A • • • A -^7=f Wp A Up) by (j){vi,V2, ■ ■ ■ ,Vp] wi, W2, ■ ■ ■ , Vp), or 
even 4>viV2---vj,,viv.2---vp- We say that is strictly positive if 4'vxv2---vp,viV2---vj, is positive for 
any linearly independent {filf^i- Let Ag = dd* + d*d be the (9-Hodge Laplacian operator. 
There also exists a Laplacian operator A defined by 

A = ^ (V,Vj + VjVO . 

where V is the induced co- variant derivative on (p,p)-forms. Since the complex geometry, 
analysis and Riemannian geometry fit better when the manifold is Kahler, we assume that 
(M, g) is a Kahler manifold for our discussion. Let w = ^/—Igijdz^ A dz^ be the Kahler 
form. Clearly oj^ is a strictly positive (p,p)-form. 

For a (p,p)-form consider the evolution equation: 
(2.1) (^|+Ag^<^(x,t)=0 

with initial value <j){x,Q) = (I)q{x). Our first concern is when the positivity of the {p,p)- 
forms is preserved under the above evolution equation. If we denote by Vp the closed cone 
consisting all positive (p,p)-forms, an equivalent question is whether or not Vp is preserved 
under the heat equation (|2.ip . The answer is well known for the cases p = Q and p = m 
since the equation is nothing but the regular heat equation. When p = 1, this question 
was studied in |N-Tlj as well as jN-T2j and it was proved that when (M, g) is a complete 
Kahler manifold with nonnegative bisectional curvature, then the positivity is preserved 
for the solutions satisfying certain reasonable growth conditions, which is needed for the 
uniqueness of the solution with the given initial data. 

It turns out, to prove the invariance of Vp for m — I > p > 2, we need to introduce a new 
curvature condition which we shall formulate below. We say that the curvature operator 
Rm of a Kahler manifold {M,g) satisfies Cp (or lies inside the cone Cp) if 

(Rm(a),a) > 

for any a G A-^'^(C"*) (we use A][j'^(C™) to denote the space of real wedge-2 vectors of (1, 1) 
type), such that it can be written as a = J2k=i ^kf\Yk- Here TM®C = T'M®T"M, (•, •) is 
the bilinear extension of the Riemannian product, and we identify T'M with C™. Note that 
(Rm(X AY), X AY) = Rxxyyi the bisectional curvature of the complex plane spanned by 
{X, y}. Here the cones Cp interpolate between the cone of nonnegative bisectional curvature 
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and that of the nonnegative curvature operator. In the next section we shaU show that in 
fact Cp is an invariant condition under the Kahler-Ricci flow, which generahzes an earher 
result of Bando-Mok [Bj IMok] on the invariance of the nonnegative bisectional curvature 
cone. Let us first recall the following well-known computational lemma of Kodaira |M-Kj . 

Lemma 2.1. Let (j) be a {p,p)-form, which can be locally expressed as 
where /p = • • -ip) and Jp — (ji, • • •, jp). Then 

P P 

I / P _ P \ 

Here R.-^ki' Ri], -^i^^- > 

are the curvature tensor, Ricci tensor and the index raising of 
them via the Kdhler metric, (fc)^ means that the index in the fi-th position is replaced by k. 
Here the repeated index is summed from 1 to m. 



An immediate consequence of (|2.2p is that if is a solution of (|2.ip , then it satisfies that 

d_ 

di 



(2.3) [^-A\q^{x,t)^JCB{<l>) 



where 



p p 

' Dkl _ 

j^'fil---(_k)^---ip,ji---{l)„---jj, 



^=1 u=l 

I / P _ P \ 

~2 E^'j.'^^pJi-(0-ip + E-^v'?^^i-Wf.-»P'^P ■ 

Proposition 2.1. Let (A/, g) be a Kdhler manifold whose curvature operator Rm S Cp. 
Assume that 4>{x,t) is a solution of i2.1\) such that (j){x,0) is positive. Then <p{x,t) is 
positive for t > 0. 

Proof. When M is a compact manifold, applying Hamilton's tensor maximum principle, it 
suffices to show that if at (a;o,to) there exist vi, ■■ - Vp such that (j)y-^...j;^^y-^...y^ = and for 
any (x, t) with t < to, > 0, 

This holds obviously if {fijf^i is linearly dependent since JCB{4>) is a (p,p)-form. Hence 
we assume that {fijiLi is linearly independent. By Gramm-Schmidt process, which does 
not change the sign (or being zero) of (f)y-^...y^_fj-^...y^, we can assume that wi, • • • ,Vp can be 
extended to a unitary frame. Hence we may assume that {vi, • • • , Vp)={-^, • • ■ , ^-) with 
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(z^, • • • , z™) being a normal coordinate centered at xo- Hence what we need to verify is 
that (/CS((/)))i ... 1 ... p > 0. Since we have that (f>i 2 ...p. 1 2 ■■■/) = and 



/(i) =F (j) [ —^={vi + twi) ^Vl+ twi A • • • A _ (i'p + iifp) A + twp ) > 



for any i > and any vectors wi, • • • , Wp. The equation /'(O) = implies that 



(2-4) X! •••(i«fc)fc---p,i---P + <^i---P,i---(W); 0- 

l<fc,/<p 

Here 0i ... (i^,^)^. ...p 1 ...p the fc-the holomorphic position is filled by vector Wk- For the sim- 
plicity of the notation we write 4>i...i^^^-^^...pi...p as 0i ...m^. ...p, 1 ...p- Since this holds for 
any p- vectors wi, • • • , Wp, if we replace t by —It^ one can deduce from (|2.4p that 

(2-5) 01 ••• ujfc •••p, 1 •••p = '/'i ••• p, 1 ••• ii77---p = 0. 

i<fc<p i<i<p 

This implies that 

p p \ 

H H^'p'?^i-P.i-(0. ■■•?>+ H H^m^i- Wm-p^i-p^^- 

<i<Tni/=l l<fc<TnA'=l y 

Now the fact /"(O) > implies that 

(2-6) ^ 4'i---wk---p,i---wi---P^ 5Z '/'i---t«fc ■■■wi ■■■p, 1---P 

l<kj<p l<kTil<p 

+ X! ■■■p,i ■■■t«r---w---p - 0- 

l<fc#'<p 

Replacing t by in /(t), the fact that /"(O) > will yield 

(2-7) ^ ^ 01 ■ ■ ■ lOfc ■ ■ ■ p, 1 ■ ■ ■ ■ ■ ■ p ^ ^ 01 ■ ■ ■ -iiJfc ■ ■ ■ lil; ■ ■ ■ p, 1 ■ ■ ■ p 

l<k,l<p '^<k^l<P 

~ 0i---p,i---i 

l<fc5^i<p 

wi 

Adding them up we have that for any ro = | : | e ffi^r^'^^M, the Hermitian form 



■ Wk ■■■ wi ■■■ p — 0- 



(2.8) J{ni,m)= 0i...^,...p,i...w-p 

i</£, ;<p 

is semi-positive definite. A Hermitian-bilinear form JJ{ro,'^) can be obtained via the polar- 
ization. In matrix form, the nonncgativity of •) is equivalent to that 

/ ^{■)2-p,C)2-p 01(.)...p,(:)2...p 012-(-)p,O2-p ^ 

012-(-)p,lO-p 



A = 



^l(-)-p,(-)2-p 
\-)2-p,lC)-p ^l(-)---pA(-)---p 



\ 0(-)2-p,12-(:)„ 0i(.)...p,l2-O„ 



^12-(-)p,12-0^ 



is a semi-positive definite Hermitian symmetric matrix. Namely to ^ Axo > 0. Here we view 



»l...(.)^...p,l...(T)„ 



matrix such that for any vectors w, z, z 0i . 



■(■)M-p,i-r)--p'^ 
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is the Hermitian-bilinear form ... (^-j^ ... p_ j ... (j)^ ...p. The equivalence can be made via the 
identity Jiro,^) = {A{n)),J). Here in = tui ® • • • ® Wp, 3 = zi © • • • © Zp. If we define (j>^^ by 

(^"'(^)'^)=^i...(X),...p,i...(F)„...p 

it is easy to see that {(j)f^'^Y'^ = 0"^. Using this notation J'(rD, 3) or (J'(ro),3) can be expressed 
as ^{4''^'^ {w^),'Zy) . It is easy to check that J is Hermitian symmetric. 

What to be checked is that 

p p 

^^(<?!')i2-p,i2...p = 5m^M'i^'?^i -(fe)M-p,i -(0.- p - ^- 
/^— 1 1^— 1 

Under the unitary frame it is equivalent to 

p p 

(2-9) ^^^iiuik<l^i---{k)^-p,i-(i)^-p > 0- 

;j=l ,y = l 

Here we have used the Ist-Bianchi identity. If we can show that the Hermitian matrix 

^ ^ ^21(.)(-) -^22(-)(-) • • • ^2p(.)0 

V ^pl(-)(-) ^p2(-)(-) ■ ^PP(-)(-) / 

is nonnegative, then the inequality (|2.9p holds since the left hand side of (|2.9p is just the 
trace of the product matrix B ■ A of the two nonnegative Hermitian symmetric matrices. 

On the other hand the nonnegativity of B is equivalent to for any (1, 0)-vcctors wi, • • • , Wp, 
{B{n)),ro} > with m = wi (B ■ ■ ■ (B Wp. This is equivalent to 

Let a = X^iLi ^ ^ (■^s later simply denote as A Wi). Then (Rm(a),a) > is 
equivalent to the above inequality. This proves p.9p , hence the proposition, at least for the 
case when M is compact. 

Another way to look at this is to define the transformation R'^'^ as {R'^'^{X), Y) = R^j,yXY- 
Similarly one can easily check that (i?'^'^)*'' = W^f^ . Define transformation K, on ©f^^^T'M 
by (/C(lxi),3) as 'Y^{R^^^ (w^)^^^) . It is easy to check that JC is Hermitian symmetric and that 
Rm € Cp implies /C > 0. Simple algebraic manipulation shows that: 

p 

LHSofdZlD = ^ (ff'^(eO,efc)((/'^''(efc),ei) 

= {R^'{r'{eu)).eu), 
1 

if {ek\k=i -m is a unitary frame. One can see that this is nothing but the trace oi K. ■ 
since a natural unitary base for ©^^^^T'Af is {E'^fe}, where 1 < IJ. < p,l < k < m, E^k = 
0©---©(efc)^©---©0. ThcnJ\E^k)^(Br.(t>^^ek). Rencc IC{J{E^k)) ^ (BaR^^^^ek)). 
This shows that {K.{J{E^k)), E^k) = Y.iR^'' iek)),ek)- Hence the left hand side of (EH) 
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can be written as trace(/C • J^. Similarly for any Xi, • • • we can define R^^ and (^^^ 
and K, and J . The above argument shows that 

(2-10) /CS^^...^^^^^...^^=trace(/C. J). 

For noncompact complete manifolds we postpone it to Section 11 (Theorem lll.2p . 

□ 

3. Invariance of Cp under the Kahler-Ricci flow 

Recently |Wij . Wilking proved a very general result on invariance of cones of curvature 
operators under Ricci flow. The result is formulated for any Riemannian manifold (A/, g) of 
real dimension n. Since our proof is a modification of his we first state his result. Identify 
TM with R" and its complexification TM ® C with C". Also identify a2(R") with the 
Lie algebra so(n). The complexified Lie algebra so(n,C) can be identified with A^(C"). 
Its associated Lie group is SO(n, C), namely all complex matrices A satisfying A ■ A'"^ = 
Al'' • a = id. Recall that there exists the natural action of SO(n, C) on A^(C") by extending 
the action g € SO(n) on x (g) j/ {g{x ®y) = gx® gy). Let E C A^(C'") be a set which is 
invariant under the action of SO(n, C). Let Cs be the cone of curvature operators satisfying 
that {R{v),v) > for any v e S. Here we view the space of algebraic curvature operators 
as a subspace of S'^(A^(]R")) satisfying the first Bianchi identity. Recently (May of 2008) 
jWi| . Wilking proved the following result. 

Theorem 3.1 (Wilking). Assume that {M,g{t)), for <t <T, is a solution of Ricci flow 
on a compact manifold. Assume that Rm((7(0)) G Cs. Then Rm((7(i)) £ Cs for all t £ [0, T]. 

It is not hard to see that this result contains the previous result of Brendle-Schoen |B-S| and 
Nguyen [Ng| on the invariance of the cone of nonnegative isotropic curvature under the Ricci 
fiow. In particular it implies the invariance of the cone of nonnegative complex sectional 
curvature, a useful consequence first observed in |B-S| (see also jN-Wj for an alternative 
proof). By modifying the argument of Wilking one can prove the following result. 

Corollary 3.2. The Kahler-Ricci flow on a compact Kdhler manifold preserves the cone Cp 
for any p. 

For Riemannian manifolds, there exists another family of invariant cones which is analogous 
to Cp. We say that the complex sectional curvature of {M,g) is fc-positive if 

(Rm(u),u) > 

for any nonzero v <E A^(C") which can be written as v = ^ot some complex 

vectors Zi and Wi € TM ® C. Clearly the complex sectional curvature is 1-positive is the 
same as positive complex sectional curvature. The fc-positivity for k > is the same 

as positive curvature operator. Similarly one has the notion that the complex sectional 
curvature is fc-nonnegative. In the space of the algebraic curvature operators 5*5(50(71)), the 
ones with fc- nonnegative complex sectional curvature form a cone Ck- Clearly Ck C Ck-i- 
The argument in [N-W| (this in fact was proved in an updated version of |N- W| ) proves that 

Theorem 3.3. The Ricci flow on a compact manifold preserves Ck. 
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Of course, this result is now also ineluded in the previous mentioned general theorem 
of Wilking. In fact almost all the known invariant cones of nonnegativity type can be 
formulated as a special case of Wilking's above theorem. 

Note that even for a Kahler manifold Cp is a bigger cone than Cp. For example, for Kahler 
manifold (M, g) , the nonnegativity of the complex sectional curvature implies that 

Rglf^{aibj - Cidj){asbt - Cgdi) > 

for any complex vector d{~ (ai, • • • ,«„)), 6, cand d. Namely {M,g) has strongly nonneg- 
ative sectional curvature in the sense of Siu, which is in general stronger than the nonneg- 
ativity of the sectional curvature (or bisectional curvature). On a Kahler manifold, if {Ei} 
is a unitary basis of T'M, and letting X ~ a.iEi, Y ~ biEi, Z = aEi and W = diEi, then 
the above is equivalent to 

(Rm((X + Z)A{Y + W)),{X + Z) A{Y + W)) > 0. 

In fact a simple computation as the above proves that Cp ~ C2p- For 1 < i < p, let 
Zi = X2^-l + Y2^ and = Y^^-i - X2^. Then Rm(ELi Z, A W,) = Rm(Z%i A Y,). 
Thus by the fact that Rm is self-adjoint 

p p 2p 2p 

{Rm{J2 Z,AW,),J2 ZTAm) = (Rm(^ X^ A ) , ^ X, A Y,-) . 
i=i 1=1 j=i j=i 

In order to prove Corollarv l3.2[ first let G be the subgroup of SO(n, C) consisting of matrices 

A E SO(n,C) such that A commutes with the almost complex structure J = 

noting here that n = 2m. Let g be the Lie algebra of G. A key observation is that g 
consisting of c € so(n, C) which commutes with J. It is easy to show that q is the same as 
A^'^(C™) under the identification of A^(C") with so{n, C). More precisely c = (c^ ) (which 

is identified with CijXi A Xj for a unitary basis {Xj}) is identified with with 

a = c — c*'' and b = —\/—l{c + c^"). Now the argument of Wilking can be adapted to show 
the following result for the Kahler-Ricci flow. 

Theorem 3.4. Let S C A^'^(C'") be a set invariant under the adjoint action of G. Let 
Cs = {Rm I (Rm(u),u) > 0} for any u G S. Assume that {M,g{t)) (with t G [0,T]j is a 
solution to Kdhler-Ricci flow on a compact Kahler manifold such that Rm(g(0)) G Cs- Then 
for any t G [0,T], Rm(g(t)) G Cs- 

If_C G G and w = J2l=i A % with Xk G T'M and Yk G T"M, C{v) = XlLi C(Xfe) A 
C(Yk). Since C is commutative with J, X'^ = C{Xk) G T'M and Y^ = C(Yk) G T"M. 
Hence the set consisting of all such v is an invariant set Efc under the adjoint action of G. 
The invariance of cone Ck follows from the above theorem by applying to E = E^.. 

In fact, one can easily generalize Wilking's result to manifolds with special holonomy 
group. When the manifold (M, g) has a special holonomy group G with holonomy algebra 
Q C so(ri), since for any v G so(n), Rm(u) G g by Ambrose- Singer theorem, Wilking's 
proof, in particular (|12.ip remains the same even if {6"} being an orthonormal basis of 
g instead of an orthonormal basis of so{n). Note that in this case Rm(&) = for any 
b G 0^. Let g*' C so(n, C) denote the complexified Lie algebra. It is easy to see then that 
for any 6 G (fl'')^, (Rm(6),uJ) = (fo,Rm(w)) = for any w G so(n,C). Hence Rm(fo) = 0. 



/ id\ 
Uid Oj' 
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This implies that {Rni^(v),w) = ^ trace (— ad^j • Rni • adi, • Rm) with the trace taken for 
transformations of q"". 

Theorem 3.5. Assume that (Af, go) a compact manifold with special holonomy group G 
(and corresponding Lie algebra q). Let T, be a subset of satisfying the assumption that it 
is invariant under the adjoint action of G'^ , the complexification of G. Then if the curvature 
operator ^va of go lies inside the cone Cs, the curvature operator Rm of g{t), the solution 
to Ricci flow with initial value g{0) ~ go, also lies inside Cs- 



When G = U(m) (with n = 2m), the unitary group, the above result implies Theorem[ 
All above results in this section remain true on noncompact manifolds if we assume that 
the solution g{t) has bounded curvature. This shall be proved in Section 10. 

4. A LYH TYPE ESTIMATE FOR POSITIVE (p,p)-FORMS. 

First we recall some known computations of Kodaira jM-K| . Let be a {p, q)-ioim valued 
in a holomorphic Hcrmitian vector bundle E with local frame {Ea} and locally (/> = 'P'^^a- 



V 0" 7 dz^-^ A dz^ 



p\q 

Here Ip = {ii, ■ ■ ■ ,ip), Jq = (ji, • • • ,jq) and dz^p = A • • • A dz'p, dz-'" = dz^^ A • • • A 
dz^''. For {p,p) forms, 0i...pj...p differs from 4>i...pi...p by a factor ^-^^ (— 1) '''^a ' . The 
following two formulae are well known 

i/=0 

(4-2) ^*<^h.--^.-.-i-^^'Y.9''^^^Jn..,,^, 
Here j^, means that the index j^, is removed. From (|4.ip and (|4.2p we have 



ju^Ipjl---{l)---]q /-^ /-^ i,^ ji'^il---{k)^---ipji---{l)u---jq 
fJ.— l u — l 



and 



(^5^)U - -E^''^^5^^^^,/,+E"l<j...(o....j,-E 



ij iy=l 13 

p p q 



(4-4) +E^vC-W.-..J,-EE^'' -^^ 



n-'-'P-'g i / V ju^il---{k)^r--'ipjl---{l)u---jq^ 

/^— 1 M— 1 i^— 1 



where (k)^ means that the index in the /i-th position is replaced by k. Here 

Q-p = ^Y.^-,.jdz^^d-z^ 
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is the curvature of E and Q,'^ is the mean curvature. Here we shaU focus on the case that E 



is the trivial bundle. Recall the contraction A operator, A : A^-' — > A^ ^, defined by 

Note our definition of A differs from |M-K] by a sign. With the above notations the Kahler 
identities assert 

(4.5) dk- Kd= -s/^d\ dA-Ad^V^d*. 

In [N4| . the first author speculated that for cj), a nonnegative (p,p)-form satisfying the 



Hodge-Laplacian heat equation, the {p — 1,P — l)-form 

(4.6) Q(0, V) # {d*d* - d*d*) + -^{d*^)v - + ^vy + ^>0 



for any (1,0) type vector field V. Here 0y ^ is a (p — l,p — l)-forni defined as 

('^v,y)/p_i,jp_i ^ 'l^vip-i.yjp-i 

or equivalently 

and for ip and '0', i/'y and ip'y are defined as 

(V'v)/p_,j, ^ V-y/^^iJ,- (^v>)/pj,_i - (-l)''^/py7,-r 

When the meaning is clear we abbreviate Q{(l>, V) as Q. The expression of Q coincides with 
the quantity Z in Theorem 1.1 of [NS] for (l,l)-forms due to ([4T|) . (|4?2|) as weh as their 
cousins 

(4-7) w):;n...p7, = E(-i)'^^vC...v-^.7,' 

ij 

since the operators (defined in |N2j for the casep = 1) div((/))j^...j^_^ j^, ^^^{4')ipji---jp-i and 
5*^ Vi div((/))/^_^ can be identified with 9*, 9* and 9*9* etc. To make it precise, 

first note that in our discussion the bundle is trivial and we can forget about the upper 
index in 0". It is easy to check that A((/))^ _i 7 _i ~ 9^''^ii _i Jj _i- (|4-6D - (d*(j))v is a 
(p — 1, j3 — l)-form which by the definition can be written as 



(9*0)y = ^T/V,(9* 



where Li is the adjoint of the operator dz^ Hence (9*0)y = Lvd*4). A direct calculation 
then shows that 

1 //?^^ ,\ \ "^i^jf^^ 



=fi(9*Mip^.jp^.=^'9^'^'^'^^ip-.^Jlp-.- 

Similarly, {d*4>)y = X^Jli '']i9*4') ~ f-y ' and another direct computation implies 
that 

7^ ((5>V)zp..jp_. = -W5''v,0,,^_^37^^^. 
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If we define 

ij ij 

then simple calculation shows that 

^ (a*0)v = div'^(0), -l^(d*^)(y) = -diYM, 



{d*d*<t>),^_^j^_^ = V^div"(div'(0)),^_^_:,^_^, 
(5*^*'^)/,_„7,_. = -^^div'(div"(0)),^_^,7^_^. 
Hence Q also has the following equivalent form: 

Q/,-..7,-. = \ [div"(div'(0)) +div'(div"(</>))],^_^ + (div'(<^)),^_^^^j^...j^_^ 

Recall that d = d + d and dc = — \/— 1(9 — 9) . One can also write Q as 

(4.9) Q = - np_i,p_i • iy^y ■ dl4) + 0y y + ^ 
as well as 

(4.10) Q = ^i=a*9*0 + -^^v ■ d*cb - ^=''v • d*cb + cj^yy + ^ 

Here Hp_i_p_i is the projection to the A^~^'P~^-space. When (j> is c?-closed and write ^' = Acfi, 
the Kahler identities and its consequence Ag = Ag imply that 

Q = ^t + ^ {BB* + dd*) ^ + Lvd^ + Ly-Bij + ^y y + ^. 

Sometimes we also abbreviate Lydip, Lydijj as dv'tp, ctyip. 

Theorem 4.1. Let {M,g) be a complete Kdhler manifold. Assume that (j){x,t) is a positive 
solution to 12.1]} . Assume further that the curvature of {M,g) satisfies Cp. Then Q >0 for 
any t > 0. Furthermore, if the equality holds somewhere for t > 0, then {M,g) must be flat. 

Proof. We postpone the proof on the part that Q > to Section 5 and 11. Here we show 
the rigidity result implied by the equality case, which can be reduced to the p = 1 case 
treated in |N2j . The observation is that A{Q{<j>, V)) = Q{K(f), V). This can be seen via the 
well-known facts (cf. Corollary 4.10 of Chapter 5 of jWej ) that 

[A, 9*] = [A, a*] = 

as well as 4)y_y = V^l V'^VhiijCp = Ity ■ by ■ (p and the equalities 

[A, iv] = [A, iy] = 0. 

One can refer to (3.19) of Chapter 5 in |We| for a proof of the above identities. Hence if 
Q(0,F) = 0, it implies that Q{KP-^(j),V) = Ap-1(Q(</), F)) = 0. Now the result follows 
from Theorem 1.1 of |N2j applying to Ap~^0, which is a positive (1, l)-form. □ 

Note that in the statement of the theorem, (5(0, V) = Q means it equals to the zero as a 
(p — l,p — l)-form. 
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Corollary 4.2. Let {M,g) and be as above. Let ip — A0 and assume that cj) is d-closed. 
Then 

(4.11) (tV) + ^ {BB* + dd*) i'>~ min (SyV + + ^iV^V)) > 0. 
/n particular, for any ((> > 0, if M is compact, 

(4.12) 4- f t^jj A Lj"'-P+^ > 0. 

Proof. By adding eo;^ and then letting e 0, we can assume that (j) is strictly positive. 
Then for any Ip^i = (ii, • • • , ip-i), the Hermitian bilinear form ( in V), {ipt + ^)/ ^ 7 ^ + 

{dyip + Byip)^ _i 7 _i + '/'(^i _i 7 _i 1^^^ ^ minimum. It is then easy to see that for the 
minimizing vector V , 

The first result then follows. For the second one, just notice that 

(9a* + 9a*)V'Acj"-p+i = 0. 

M 

□ 

Remark 4.3. Clearly, if one can perform the integration by parts and control the boundary 
terms, the monotonicity ^.12\ l still holds on noncompact case. 

One can define a formal dual operator of Q{(l), V) as 

(4.13) Q*{^J, V*) = V^dBtfj + v^V* aBiP- V^TF* AdtP + V^V* AV* A 1/; + '^^^ 

which maps a (m — p,m — p)-form -0 to a {m — p + l,m ^ p + l)-form. Here V* is a (1, 0) 
type CO- vector. The following duality can be checked by direct calculations, making use of 
the following well known identities on (p, g)-forms (cf. Proposition 2.4, (1.13) and (3.14) of 
Chapter 5 of [We] repectively) : 

B* — — * -d ■ * , d* ~ — * -B ■ * ; 

A = (-)P+9*-(u;A)-*; 



Ly = * ■ (V A) ■ *, ty = * ■ iV*A 



Here * is the Hodge-star operator. 

Proposition 4.1. Let (j), V be as the above discussion. Let V* be the dual of V . Let * be 
the Hodge star operator. Then 

(4.14) Q{(j),V)^*-Q*{*-(P,V*). 

By this duality, one can identify the result for the (m, m)-forms with that of |C-Nj . In the 
rest of this section we derive some preliminary results useful for the proof of Theorem 14.11 
The following lemma follows from (g^]), (g^) and the fact that [Ag,^*] = [Ag,a*] = 0. 
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Lemma 4.1. Letcj) be a {p,p)-form satisfying h2.1\) . Then {■§^+Ag)d*(j) = (^+Ag)9*(/) = 0. 
Hence by g^^, 

^ ''^ — 1 1 

iy=i 

1 fP'^ - _ _ \ 

~ 2 ( E-^'j,.(^*''^)"i---'p-i'ii-(0---jp-i +E^v(^*'^)"i---('=)m---»p-iji---Jp-i 1 ' 

^ /P-I P-I \ 

~ 2 E-^'j.('^*'^)*i-»p-i.wi-(o-jp-i + E^v(^*'^)'i-(fe)M-»p-ijji-jp-i ) • 

Similarly, one can write the following lemma. 

Lemma 4.2. Let (f> be a solution to {Op. Then + Ag){d*d*(t>) = + Ag)(5*9*(/)) = 
0. Hence J/^.^p imp/?/ similar equations for — A) {d*d*(/)) and — A) {d*d*(j>). 

Namely 



p— 1 p— 1 

TD k f 5+ J,\ 

(fc)^,---2p_l,Jl---jp_l 



E^i(^*^*^)n...p-.i....(0-Jp-. +E^v(^*^*'^)n 

^imp/j/ put - A) = K.B{d*d*(t>) and - A) (9*9*0) = JCB{d* d* (fy . 

Lemma l4.ll implies that 

(4.18) (^^ - a) (div'^(</'))/,_„7,_, = divj% _^)^(0) +/CS(div'^(</))) 

+ E<i;(div"(0)),,^...,^_^,^...(^^...^^_^ - 2 div;iic(y)(^) 

- ,9*^^ ((V, div"(</)))v,y + (Vj div"(0))v.y) ; 

(4.19) (^^ - a) (div^(0)),^_^,j^_^ = div;^_^)^(0) + /CS(div^(0)) 

+ E v'(div'(0)),i...(fe),...,,_i,i/i...j,_i - 2 '^^^Wy^'^) 

- ((V. div'(0))^^^^ + (Vj div'(</>))^^ 
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since for any r-tensor T, the r — 1-tensor Tv{Xi, ■ ■ ■ Xr-i) =f T{V, Xi, ■ ■ ■ Xr~i) satisfies 
^ xTv = (VxT')y + T^xV- To compute the evolution equation of Q, since — A) = 
JCB{K(j)), the only term left is the evolution equation on (j){y,V) which we also abbreviate 
as (fivy- Since V x(l>v,v = i^x4>)v,v + 't>VxV,v + 4>v,VxV^ Lemma [Hi] implies that 

(4-20) - a) ^yy = m^vy) + ^y-^fc,/ +E^fe'^fe/,-„v-J,...(r)....J,.. 

p-1 ^ 
/i=i 

+ 0(^_A)Ky + </'y,(^-A)v ~ -9'^ (-^v.yvjy + '/'v^yViy) 

- g^^ ((V.0)v3yy + (V,</))y^v3.y + (Vj</')v.y.y + (Vj</')yv,y) • 



5. The proof of Theorem 14.11 

Now Q is viewed as a (p — l,p — l)-form. For p ~ 1 and p ~ m, the result has been 
proven earlier. Using the notations introduced in the last section the LYH quantity Q, 
{p — 1,P — l)-form depending on vector field V, can be written as 

Q = i [div"(div'(<^)) + div'(div"(0))] + diV^(0) + diV^(0) + ^yy + ^. 

As before if we assume that at {xo,to), for the first time, for some V, QviV2---vp^i,vi---vp^i = 
for some linearly independent vectors . By a perturbation argument as in |N2j we 

can assume without the loss of the generality that (j) is strictly positive. As in jH3j , it suflaces 



to check that at the point {xo,to), — A) Q > 0. Since the complex function (in terms of 
the variable z) 

^(-) - I [div"(div'(0))+div'(div"(0))]„^(^,_^_^(^^^^^(^^...^^_^(^, 



+ 



div^^)(0) +divy(^)(0) 

+ 4'V{z)vi{z)---Vp-i{z},V{z)vi(z)---Vp-i{z} + 



'Ul(2)---Up-l(z),-Ul(z)---Up-l(z) 

^4'vi{z)---Vp^i{z),vi(z)---Vp-i(z) 

t 



satisfies 7(0) = and I{z) > for any variational vectors Vf^{z),V{z), holomorphic in z, 
with Vf^{0) ~ and ^(0) = V . In particular, letting v^{z) = tj^ and V'{Q) = AT we have 
that 

(5.1) div^(0) + (j)v.x = = div^(0) + (j)xy- 

Similarly by fixing V{z) = V and varying ^^(z), we deduce for any A", 

(^■2) '3i)i---(Jt)^---t)p_i,0i---Cp_i = = Qvi---Vp-i,vi---(X)„---Vj,^i- 

As before, after a changing of variables we may assume that {viYl'l ~ {^1^=1 ■ Since 
2 = is the minimizing point we have that A/(0) > 0. If f^(0) = X^ and V'{Q) = X, where 
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v'{z) = this implies that 



p-i 

^ y '3t)i---X^----Up_i,0i---X„---Cp_i "I" '/'JCdi ■■■t)p_i,XCi---Cp_i 
1 

p-1 

div^((/))„j...jsf^...„p_j,5j...5p_j + 0y„i...x^---t)p_i,XCi---Cp_i 

p-1 



^div^(0) 



> 0. 



This amounts to that the block matrix 



A S \ 

Ml=[ ^tr > 

\ ^ </'(.)l...p_l,(T)l,...p_l / 



where 



A = 



I' Q{-)2-p-l,C)2-p-l Ql{-)-p-l.C)2-p-l Ql2.-(.)p-i,(-)2...p-l ^ 

<3(-)2---p-i,i(-)---~ Oi(.)...p_ij(:)...^ •■■ <3i2---(-)p-i,i(-)---^ 



V Q(.)2...p-l,l2-(.)p_i Ql(.)...p_l,12...0p_i •■• '5l2-(-)p-i,12-(.)p_i / 

and 5* satisfies that for vectors Xi, ■ ■ ■ , Xp-i,X 



_ _ p-1 



To check that — A) > we may extend V such that the foUowing holds: 
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Using these set of equations, (|4.18p . (|4.19p and (|4.20p can be simplified to 
(5.3) (^^ - a) (div'^(^)),^_^ = -Uiv'{,{4>) + ICBidivU<l>)) 



p-i 



^i?^^^(div"(0)),,^...,^_^,^....(,)^....^_^ - idiv;^,,(^)(0) - idiv'(div"(0)); 
i/=i 

(5.4) (^^ - (divV(<^)),^_^^^^_^ = _idiv^(0) +/CZ?(divV(0)) 

+ E<v-(div'(0)),...(,),...,^_,,^- _ idiv^(0) - ldiv"(div'(</>)); 



p-i 

E 

M=i 



d 



p-i 



i/=i 



M=l 

7^v.v--^-^div^('/>)-^ 



Adding them up with that 

^ - A^ [div"(div'(0)) + div'(div"(0))] = /C6([div"(div'(0)) + div'(div"(0))] ) 
and - A) = /CS(A0) , using ([ETt we have that 



d 



^ 1^—1 
P"i 

E-^tV ('?^Vii---(fe)^...*p-iljp_i + (div'(<?!'))i^...(fe)^_...i^_^_,7^_J 



kl_ 

vv' 



^klp-i,ljp-i ^ ^^(^)/p_ 1 , Jp_i 



Now the nonnegativity of — A) Qi...(^p_i'^ at (xo,to) can be proved in a similar 

way as the argument in Section 2. First observe that the part of /Ci5((3)i...(p_i) 
involving only Ric is 



2E ('3i-Ricw - (p-i),i - (^) + Qi-{ 



2 /-^ \^^l---Ric(i)---(p-l),l---(p-l) ^ ^i...(p_i)4...Ric(i)...(p-l) 

i=l 
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which vanishes due to (|5.2|) . Hence we only need to establish the nonnegativity of 
J ^ P^i-(fe)M---(p-i).i---(0.---p=T 

+ JZ'^^'p ('?^fci---(p-i),v'i---(r)„---(^) + (di'^"('/'))fci---(p-i),i---(r)„---(^) 



y=i 



Z!^mV ('/'yi...(fc)^...(p-i),/-...(^) + (div'((/.))i. 



M=i 

+ -^yV'?^fei---(p-i),n:---(F^)- 
The curvature operator is in Cp implies that the matrix 



M2 = 



The nonnegativity of J follows from trace(7Mi ■ M.2) > 0. 
We define transformations on T'M, (div"(0))'', (div'(0))^, (j)^ and 0'^ by 

{{AW'm^XlY) = (div"(0)),,,...(p_,)j...(^)^...(^), 





^12(.)0 


^lp-l(.)(-) 


^lV(-)(-) 


\ 




^22(.)(T) 


^2— (.)(■) 


^2V {■){■) 




■Rp-ii(-)(-) 


■Rp-12(.)(-) 


^p-1— (■)(■) 


Rp-lV(-){-) 






%2(.)(-) 




^VV (■)(■) 


I 



> 0. 



{{dW'{cb)nX),Y) 



If 



(div'(0))i...(^)^...(p_i)3...(^), 

'?^A'i---(p-i),yi---(y)„---(F^)' 

'?^vi---(x)^...(p-i),yi-.(^)- 

Then the operator S defined previously can be written as = (div"((/)))'' + 0p 

we define Q^'^ in a similar way as (j)^'^ then the quantity J above can be expressed as 
p— 1 p^i 
J ^ ^''^^^ [R^'^Q^'') + 5Z ti'acc {R^" ■ ((div"(0))^ + (t^)) 

p-1 

+ ^ trace (i?^^ • ((div"(0))'^ + + trace(i?^'^ • (jf'P). 

Hence one can modify the definitions of transformations JC and J on (B^^^^T'M in Section 
2 so that J = trace(/C ■ J^., J and /C correspond to A^i and A^2 respectively. 

Remark 5.1. We suspect that the theorem (and later results) still holds even under the 
weaker assumption Ci, even though the techniques employed here seem not be able to prove 
such a claim. 



6. Coupled with the Kahler-Ricci flow. 

Now we consider {M™,g{t)) a complete solution of the Kahler-Ricci flow 

d 



3.1 



9ij Rij ■ 
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Corollarv l3 . 21 asserts that Cp is an invariant curvature condition under the Kahler-Ricci flow. 
Now we generahze the LYH estimate to the solution of (|2.ip . Again the result is proved for 
p = 1 and p = m in |N-T1| and |N3j respectively. 

Theorem 6.1. Let {M,g{t)) be a complete solution to the Kdhler-Ricci flow i6.1]) . When 
M is noncompact we assume that the curvature of {M,g) is uniformly bounded. Assume 
that (f> is a solution to with (j){x,0) being a positive (j),p)-form. Assume further that 

the curvature of {M,g{t)) satisfies Cp. Then for any vector field V of (1,0) type Q >0 for 
any t > 0, where 

Q = Q + Ric{(j)) 

Here Q is the LYH quantity defined in Section 4 and 5, which is a {p—l,p~ l)-form valued 
(Hermitian) quadratic form ofV, Ric(0) is a{p~ l,p— \)-form defined by 

Note that the difference between the above result and Theorem 14.11 is that the Laplacian 
operator Ag is time-dependent, namely the g^ and the connection used in the definition 
d* are evolved by the Kahler-Ricci flow equation. Moreover since d* and d* depend on 
changing metrics now, the quantity Q is different from the static case even though they are 
defined by the same expression. Amazingly, the theorem asserts that the result still holds 
if we add a correction term Ric(0). 

Corollary 6.2. Let (M,g), cj) be as in Theorem \6.1[ Assume that cj) is d-closed and M is 
compact. Let ~ A(f>. Then 

(6.2) J 

Here cjq is the Kdhler form of the initial metric. 



Proof. Note that -^ip + Ag-0 = Ric((/)), the operators d and d can be commuted with ^ 
and Ag. The rest is the same as the proof of Corollarv 14.21 □ 



We first start with some lemmas which are the time dependent version of Lemma llTTl 14.21 
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Lemma 6.1. Let cj) be a {p,p)-form satisfying \2.1\) . Then under a normal coordinate, 
(6.3) + Y.^^f.^ki'^^'''' ^'^))kh-iJi--<i)^---h-i ~ 2^^k^^^^ 

iy=l 

(6-4) + E^v5's(div'(<^)),^...(,)^_...,^_^^^^_^ - ii?y(div'(</>)),^_^_^^_^ 

+ ^ife^/A/p_i +^j^ik^kip-uUp-i + X! ^5f.-^'S'^fc7p_i Jjl■■■(^)„•••ip_l■ 
y=l 

Proo/. Since l^r^, = -.g'^W^.R/,-, 



d_ 

di 



^(X]5"'^fe'?^«i---*p-i,/3i---5p-i) 



div ' 



dt' 



then the first equation follows from the fact that Ag is commutative with div" and ()4.15p . 
The second evolution equation follows from taking the conjugation of the first one. □ 



Lemma 6.2. Let cj) be a solution to i2.1\) . Then under the normal coordinate 
d 



dt 
d_ 

dt 



where 



-a) (div'(div"(^))),^_^^;,^_^ = {m<^w{AW'm)),^,_,;j^_,+mi^_,;j^^-. 

-a) (div"(div'(<^))),^_^7^_^ = (/C6(div"(div'(0))))^^_^^^^_^ +£:(</)),^_^^^_^, 

E^^^vS(d-(0)).,...(fc),....,_,j7,_,+E^^%.(div"(^)),,^_^j^...(^„...j^_^ 
p— 1 p— 1 

RjkRki'l^ii^_^,jj^_^ - RkTRik3i4)ii^_^^jj^_^- 
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Proof. 

dt 



p-1 

Now we plug in (j6.5p . Applying the commutator formula, the 2nd-Bianchi identity and 
Lemma [4.2[ we get the first evolution equation. The second one follows from the first by 
taking the conjugation. □ 

The next lemma is on Ric((/>). The proof is via straight forward computation. 
Lemma 6.3. For (f>, a solution i2.1]) . under a normal coordinate, 

^ /p-1 p-1 \ 

\v=\ ji=\ I 

/p-1 p-1 \ 

V=l v=\ ) 

Adapting the notation from Section 4, Lemma [6.11 implies the following set of formulae. 
(6-7) (I - a) (div'^(0)),^_^_7^_^ = div;% _^)^(^) + /CS(div'^(,/.)) 

i/=i 

+ Rjk^k(l}vii---ip-i,jji---jp-i + ^vRfi4'in---ip-iJ]i---jp-i 

p-1 

+ E ^v^jfc<^v»i-(fe)p-ip_i JJi-Jp_i - 3*^ ((V» div"(0))v3y + (Vj div"((?i))v,y)) ; 
p=i 

d 



(6.8) 



- (divV(<^)),^_^^j^_^ = divj^_^)^(0) + /CS(div^(</>)) 



- 1 
E^vV(div'(0)).i...(fc),-.p-i,rj'i-Jp-i - 9 div^^-^(,/)) 

p=i 

R-kl^ k4'u^...i^_^yj^..rj^_^ + '^vRfi^iil---ip-lJJl---Jp-l 
p-1 

E Vj.%'/'.u...v-i.v^i-a).-5p-. - ((V. div'(0))^.^ + (Vj div'(</)))^^^) 
i/=i 
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For A0, we have the fohowiiig evolution equation. 

(6.9) 

7. A FAMILY OF LYH ESTIMATES FOR THE KAHLER-RICCI FLOW UNDER THE 

CONDITION Cp 

Let {M,g{t)) be a complete solution to the Kahler-Ricci flow. Assume further that the 
curvature operator satisfies Cp. Let 

Also let Pgct7 = ^7^/3q; ^/3q7 = ^■jPpa- Clearly P^^^ = i^^Q,^ and P^p^ = Ppa^- The 
second Bianchi identity implies that 

Theorem 7.1. Let {M,g{t)) be a complete solution to the Kahler-Ricci flow satisfying 
the condition Cp on M x [0, T] . When M is noncompact we assume that the curvature of 
(M,g(t)) is bounded on M x [0,r]. Then for any A^'^ -vector U which can be written as 
U = J2^^i AYi -\-W AV , for {l,0)-type vectors Xi,Yi,W,V , the Hermitian bilinear form 
Q defined as 

(7.1) Q{U ®W)= M^pWW^ + P^^^U^^W" + P^^^W'^W^ + R^p^sU"^u'^^ 

satisfies that Q > for any t > 0. Moreover, if the equality ever occurs for some t > 0, the 
universal cover of {M,g{t)) must be a gradient expanding Kahler-Ricci soliton. 

The theorem says that for any vector W, viewing Q as a Hermitian quadratic/bilinear form 
on A^'^ space, it also satisfies Cp, but only for the A^'^ vector U with the form U = ^2^=1 -^i^ 

Y, with Xp = W. If we define P : T'M A^-i by the equation {P{W),U) = P^p^U^^W"', 
the LYH expression can be written as, by abusing the notation with Q denoting also the 
Hermitian symmetric transformation, 

(7.2) {Q{U),TJ) = {M{W),W) +2Re{{P{W),U)) + {Rm{U),U). 

Remark 7.2. When p = 1, The inequality |y. j[ ) recovers the LYH inequality of Cao jCoj . 
When p > 1, Q can be written as 

Q = Z^^W^W^ + {P^-p^ + i?„^^^)^''V" + {P^p^ + Ry-p^,)U'^^w'P + R^-p^sU"'^lj'\ 
with U = J2''^=l A Y, and 

(7.3) Z^-p # M^p + P^p^V^ + P^p.V^ + R^p^sVV'. 
Equivalently, if we write the above as {Z{W AV),WAV), 

Q= {Z{W AV),W AV) + 2Re (p{W AV),U)'j +{Rm{U),U). 

Here P is defined as P{W AV) = P{W) +Rm{W AV). Note that Hamilton in [H3| proved 
that under the stronger assumption that the curvature operator Rm > 0, Q{U (B W) > 
for any A^-vector U. For p sufficiently large Cp is equivalent to Rm > and by taking 
U = Ui + W A Yp with Ui = U — W A Yp, one can see that the above result implies 
Hamilton's result. Hence Theorem \ 7.1\ interpolates between Cao's result and Hamilton's 
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result for the Kdhler-Ricci flow. Please also see jC-Cj for an interpretation via the space 
time consideration. In a later section we .shall prove another set of estimates which generalize 
Hamilton's estimate for the Ricci flow on Riemannian manifolds. 

One can easily get the following lemma through direct calculation, which can also be 
derived from Lemma 4.3, 4.4 of jH3| . 

Lemma 7.1. 

(7.4) [ — - A j M^p = R^p^gMsy - i^iRan^rjp + R^^pMaf,) + RapjsR-s^Riy 



d \ 

(7.5) I — — A j P^p^ = Rap^rjRi]^-f + R^p-fSRa^S ~ Ra^-fSR^pS 



Raf3 



By taking the conjugation of (|7.5p . we have 

dt 
1 



(7.6) ( — — A j P^p^ — Ra/S^fiRrji^ + R'a^S^R^pS ~ R^pS^Ra^S 



The evolution equation for the curvature tensor is (see for example [B]) 

(7.7) ^— — A^ RafjjS " Rajj^fiRri^iS ^ Rai-frjR^Pi]S + RaS^i^Ri^itP 

~2 i-^a^-^iPfS + R^pRaClS + RjC^ap^S + RcSRapii) ■ 

Now we begin to prove the theorem. We assume that the curvature of {M,g{t)) satisfies 
Cp. One can adapt the perturbation argument as |H3j if Rm does not have strictly p-positive 
bisectional curvature. Hence when manifold is compact without the loss of generality we 
may assume that Rm has strictly p-positive bisectional curvature. Then it is clear that when 
t is small Q is positive, since the bisectional curvature is strictly p-positive and M^p ^ 

term —j^. We claim Q > for all time. If it fails to hold, there is a first time to, a point 
xo, and U S A'^^'^T^^M^W £ A^'O such that Q(U © W) = 0, and for any t < to,x e M, 
(1, l)-vector U G A^-^T^M and (l,0)-vector W € T^M, Q{U © H^) > 0. We extend U and 
W in space-time at (a;o,to) in the following way: 

^ - A^ U''' = i [rZU'^' + RiW) , (^1 _ M/" \RlWf' + ^W, 

VsU^'^ = RJW'^ + ^giw'\ VjC/'^^ = 0, V^M^" = V^l^" = 0. 

Here i?^, i?j are the associated tensors obtained by raising the indices on the Ricci tensor. 
These sets of equations are the same as those of |H3j in disguise. As in |H3j . it suffices to 
check that at the point (0:0,^0)7 — A) Q > 0. Using the above equations and equations 
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7.4p . (|7.5p . (|7.6p . ()7.7p . a lengthy but straight-forward computation shows that 



The above computation can also be derived using Lemma 4.5 of |H3| . In the following, 
Xp ^W,Yp^ V. To prove - A) Q > it is enough to show that the nonnegativity of 

p—i p—i 

v=l 11=1 

p-1 p 

+ X! ^X,,X^'ysRsjY^Y^ + \Pxp^a + X! ^X^Y^a^l'^ 
1 /i— 1 

/ P P P \ 



where we have respectively replaced U and by J2^=i -^i ^ ^"^^ ^p- 
Let 



/ ^a:iXi(.)(-) ^a:iX2(-)(") 



■ATsXi (•)(•) 



A2X2(-)(- 



i? 



''X2Ap(.)(-) 



V R 



•XpAi(.)(-) ^'-XpA2(-)(-) 



R 



■x^x,{-)C) 



and 



/ ?!(■)(■) 

^5-21-1 (■)(■) 



y2?2(-)(-) 



^yp-iyi(.)(-) ^yp-iy2(-)0 



(•)(•) 



^yiyp_i(-)(-) ^^-K-) \ 
^y2yp-i(-)(-) ^(-K-) 



/ -RAi(-)yi(-) -RAi(.)y2(-) 

Rx2{-)Yi(-) RX2(-)Y2{-) 



\ Rx^{■)Y^{■) RXA-)Y2{-) 

where the tensor is defined as in (|7.3p . 



-Rx2(-)yp-i(-) Rx2i-)Y^{-) + Px2i-)i-) 

^jfp(.)yp-i(-) ^^pCOi-pC-) +-Pxp(-)(-) / 



Et^P%S = Ry^Y.y-S + Pj-SY, A<I^<P-1- 
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Note Ai > since Rni ^ Cp, A2 > since Q > 0. Now J' can be written as 

p 

J = tracc(Ai • A2) + + J2 ^x,Y,c.p\^ " trace(A3 • ^3). 

Since Q{U(BW) achieves the minimum at {U, W) at time {xo,to), then the second variation 

^\s=oQiUis)(BW{s))>0, 



where W{s) + sWp, U{s) = YZ^ii^t^ + s^m) ^ (^m + sV,,) for any (1, 0)-type vectors 



Through calculation, ^|s=oQ(C^(s) © W{s)) > implies that 



p 



p 



(7.8) 



fj,,iy—l /J,— 1 

P _ P 

^i— 1 j.L.U—l 

P P _ 

fl.V—1 



By letting X 



where 



V Wp 



y 



Vi 



, one can deduce from (|7.8p that 



A- ^2 A- + y Aij; + 2ii'e(y AsA- + X ^4^) > 0, 



A.^ 



where = P^x^p + E^=i Ry^x^ap- 

If we regard T^^^°M as C"', then X,y U"^. By Lemma O below, which is due to Mok 
according to |Co| (see also Lemma 2.86 of |Chowetc] ). we have 

(7.9) trace(A2 • Ai) > trace(A3 • A3). 








.. 0\ 





G 














V 





■ G I 



The inequality (|7.9p implies that J > Q. We then complete the proof of Theorem 17.11 for 
the case that M is compact. The case that M is noncompact will be treated in Section 10. 

Lemma 7.2. Let S{X,y) he a Hermitian symmetric quadratic form defined by 



s{x,y) = Af.x'xo + 2Re{B^jX'y^ + D.jX'yi) + Ci^yyi 
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// S is semi-positive definite, then 

N N N 

A^C^ > max{ ^ \B,,\\ ^ \D,j\^}. 

i,j = l i.j=l i.j=l 

If one prefers notations without indices the first three terms of (|7.8p can be written as 
{QiJ2l=iYf^ /^W^,),J21^^Y^aW^). The last term can be written as (Rni(^^^^ A 



8. The proof of Theorem 16.1 



Before we start, we remark that for the cases p = 1 and p ~ m the resuh has been 
previously proved in |N2| and |N3) . As before we deal with the compact case first. By an 
perturbation argument we also consider that is strictly positive. Then Q > for small t. 
Assume that at some point (2:0,^0)7 Q = for the first time for some linearly independent 
vectors ui, V2, ■ • • , Vp-i. As in Section 5, let Vi{z) and V{z) be variational vectors such that 
they depend on z holomorphically. Now consider the following function in z, 

I(z) 4= i [div"(div'(0)) +div'(div"(0))] 



+R 



+ 
+0 



■jiVivi (z)---Vp-i{z),jvi (z)---Vp^i(z) 



vi(z)---Vp^i{z).vi{z)---Vp-i(z) 

^4'vi(z)---Vp-i(z).vi(z)---Vp-i(z) 
'■'V(z)vi{z)-Vp-i(z),V{z)vi(z)---Vp-i(z) H ^ 

which satisfies X(0) = and X{z) > for any variational vectors v^{z), V{z) with 1^(0) = 

and V{Q) = V. As before, without the loss of generality we may assume that {wi, • • • , Wp-i} = 
d 

dzP- 



{9P"' ' ' ' I dzp- ^ } • ^^^^ &rst and the second variation consideration as in Section 5, we 



have that 

(8.1) div;^(0) + cjjy^x = = div:;^(<^) + cbx^y, 

(^•2) Qvi---{X)p,---Vp^i,vi---Vp-i = = Qv^...v^_-^^,Tj-^...(X)^---Vp-i^ 

and for any (l,0)-typc vectors X,Xi, 

^ y Qvi---X^---Vp-i,vi---Xt,---Vp^i ~^ 4'Xvi---Vp-i,Xvi---Vp-i 

p-1 

+ <iw'x((p)y^...x^---Vp_i,vi---Vp^i + <l>Vvi---X^---Vp^i,Xvi---Vp^i 

p-i 

+ ^ '^^^^x{'l>)vi---Vp-i,vi---X„---Vp-i + '^Xvi---Vp-i,Vvi---X^—Vp-i 

> 0. 

This amounts to that the block matrix (as defined in Section 5) Aii > 0. However here Q 
is replaced by Q. 
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To check that — A) Q^.-.p-i i...^3T > wo may extend V such that the following holds: 



d 1 



_9_ 



Using these set of equations, (|6.7p . (|6.8p and (|4.20p can be simplified to 



(8.3) - a) idivU<P))i^_,j^_, - -idiv'^(^) +/CS(div'^(0)) 

+ Xl^v!/,(div"(0))fc,i...ip_i,ii...(r),...jp_i - 2 divRic(y) (0) - - div'(div"((/))) 
I/— 1 

p-i 

- i?,,VKdiv"(0)),,^_^_7^_^; 

(8.4) (^^ - A^ (divV(0)),^_„j^_, = div^(0) + /CB(div^(0)) 

+ E<v(div'(0)),...(.),...,_,i^...j,_, - idiv^(0) - idiv"(div'(0)) 

p-i 

- i?zsV,(div'(0)),^_^,-^_^; 

(8.5) ( " ^ ) '^^■^ = ^^('/'v',v) + ^y-^fc,/ + E ^ 



y/„'?'fe/p_i,yji---(r),-ip_i 



^0yy - - JJp-1 - \ " 7 div'^:,(0) 
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Adding them up with the two evolution equations in Lemma 16^ and ()6.6|) . ()6.9|) . using (|8.ip 
we have that 

d \ ~ ~ 



p-1 



p-1 

Now the nonnegativity of — A) i...(^irL) at (xo,io) can be proved in a similar 

way as the argument in Section 2. First observe that the part of /Ci3((3)i...(p_i-) 
involving only Ric is 



p-1 



•Ric(j)---(p-l),l---(p-l) 



1) 



(p-l),I---Ric(j)---(p-l) 



which vanished due to (|8.2p . Hence we only need to establish the nonnegativity of 
p— 1 p— 1 

X!X!^Mp'fc^i---(fc)j,---(p-i),i---(o„---(F^) 

p-1 

+ 5I(^mV//c + Pik,,){<^'^v'i(t>)i...(k)^-ip-i).,Up-i + '?^yi-(fe)p---(p-i),/7p_i) 
/.=i 

p-1 



+ X! %'?^il---(p-l)Jl-(p-l)- 

By Theorem 17.11 the assumption that the curvature operator Rm is in Cp implies that the 
matrix 



/ ^ii(-)(-: 
^2i(.)(-: 



Ms 



12(.)(- 
22(.)(- 



-Rlp-1(.)(-) 



-Rp-ll(.)(-) ■Rp-12(-)(-) 

V ^ (■)(■) ^ (•)(■) 



p-ip-i(-)(-) 

■tr 



DP- 



(■)(■ 



(■)(■) 

^(•)0 / 



>o, 



where = RiVtiu + -P/ip'- The nonnegativity of J follows from trace(A^i • M.^) > 0. 
Here A^i is the block matrix in Section 5. This proves Theorem 16. II for the case that M is 
compact. We postpone the proof of the noncompact case to a later section. 
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9. LYH TYPE ESTIMATES FOR THE RiCCI FLOW UNDER THE CONDITION Cp 

In this section we prove another set of LYH type estimates for the Ricci flow. Let {M,g{t)) 
be a complete solution to 



(9.1) -5,, = -2i?.,. 



d_ 

dr 

Recall that Hamilton proved that if Rm > and bounded then the quadratic form 



QiW ®U) = {M{W),W) + 2{P{W), U) + (Rm([/), U) >Q 
where the M and P are defined in a normal frame by 



Mij = AR^j - -\7^\/jR + 2R^kjiRki ~ RikRjk + '^^U^ 

Pijk 4= ^iRjk ' 



with {P{W), U) = PijkW'^U'^'K One can view Q as the restriction of a Hermitian quadratic 
form 



{Q{W ®U),W®U) = {M{W), W) + 2Re{P{W),U) + (Rm([/), [/) 
which is defined on (C" ) ® C" . We also denote by 



{Z{W A Z), ly A Z) == Q{W ®{W A Z)). 

Fixing a. Z ^ Z can be viewed as a Hermitian bilinear form of W, which we denote by Zz, 
or still by Z when the meaning is clear. In terms of local frame, it can be written as 

(Z^)^^ = Med + PdaX + PcadZ" + Rz,-zd- 

Theorem 9.1. Assume that {M,g{t)) on M x [0,T] satisfies Cp. When M is noncompact 
we also assume that the curvature of {M, g{t)) is uniformly bounded on M x [0,r]. Then 
for anyt>0,Q>0 for any {x, t) e M x [0, T],W £ T^M ®C andU £ A^{T^M C) such 
that U = jy^=i ^ '^'^^ — ^ ■ Furthermore, the equality holds for some t > 
implies that the universal cover of {M,g{t)) is a gradient expanding Ricci soliton. 

Remark 9.2. In [Brj . a slightly weaker result was proved for the p ^ I case. As before, 
for p large enough the condition Cp is equivalent to that Rm > and the above result is 
equivalent to Hamilton's theorem. Hence our result gives a family of estimates interpolating 
between those of |Br| and |H3j . 



In Theorem 4.1 of |H3| . the following result was proved by brutal force computations. 
Lemma 9.1. At {xQ,tQ), ifW and U are extended by the equations: 
d \ W 

— -AjW = — +Ric(l^), VW = 0; 
at J 

WaU"^ = l{R'^^W^-Rlw') + ^^{g',W^-g:w'), 
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then under an orthonormal frame 



(9.2) 



+8Re{RadcePdbeW'U"') + ARaecf RbedfU''''U 



+ \P{W)+Rm{U)\^. 
Here R^ denotes the Ric transformation in terms of the local frame. 

Using the notation of jHlj . the term ARaecf RbedfU°'''U''^ can be expressed as 8(Rm*(J7), U). 

Assume that Q > for M x [0,to] and at {xo,tQ) it vanished for W (B U, with U = 
J2^^L=i ^ -^A" ^iid Wp = W. Now let W^{z) and Zf^{z) be a variation of and 
with M/^(z) = VP;, + zX^ and ^^(z)^= + zF^. Let X(z) = Q(W^(z) © U{z)) with 
1/(2;) = J2^^=i ^ ^t^i^)- Using AI(0) > 0, we deduce the foUowing estimate: 



(9.3) 



p I ^ \ 



j.L.U—l 



2Re J2 ^ 



2Re{{P{Xp),Y,W^,hY^ 
\ ^=1 



flM—l 



> 0. 



To prove Theorem 19. II for the compact case, it suffices to show that the right hand side of 
is nonnegative for a null vector W®U with U = J2^^=i ^ ^'^'^ = Denote 

the first four terms in the right hand side of (|9.2p by J^. Expand it and let Pdc{Zp) = PdacZp. 
We then obtain that 



P 



J — d-^'cd '^Pw„cW„d\Pdc{Zp) + Pcd{Zp)] 2R^ ^^^R^ 



+4i?e (j2 Rw,dWpePde(Z,)^ + ARe {Rw ^aw^ePdeiZ r>] 

-ARe R^^dWpePdeiW,)^ ARe (R^^aWpePde{W p) 

-2Pde{Wp)Ped{Wp). 

After some cancelations (the 2nd term and the 7th term on the right hand side above cancel 
each other) the nonnegativity oi J = 2 (trace (i?ii?2) — trace(i?3 • -B3)) where 



Bi 



Rt, 



W2i-)Wl{-) ^•'W2(-)W'2(-) 

V Pwp{-)Wii-) Pwp{-)W2i-) 



Wi{ 



)Wp{-) \ 

P'W2{Wpi-) 

Pwp{-)WA-) ' 
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%2(-)Zl(-) 



Z2{-)Z2{-) 



■■■ R 
■■■ R 



22(-)2p-l(-) 



and 



^2p-l(-)£l(-) ^Zp-l(-)Z2(-) 



-^M/2(-)Zl(-) -^W'2(-)^2(-) 



^•^P-i(-)-Zp-i(-) ^ 



^W2(-)2p-l(-) ^M/2(-)Zp(-) + ^(^2) 



\ -Rvi/p(-)2i(-) ^''Wp{-)Z-2{-) 

with ^^^^' = %^(.)^^(.)+P(.)(.)(Z^). 
On the other hand using the above notation (j9.3p can be re-written as 
p— 1 p~i p— 1 

+ 2 5: i?e + 2 5: i?e (p^,^^^ (Z,)) + ^ 



-2 ^ i?e /V,x, (W^m) + E 
> 

which amounts to S{X,y) being nonnegative, where 



/J,,!-* — 1 



5(A',3;) = (B2)„A''A'J - 2Re{{B^),,yxA + [B^l.^yy. 



with X 



( ' 










[ ■ ' ) 









Hence by Lemma [7.21 we can conclude that J' > and 



complete the proof of Theorem 19. II for the compact case. The case that M is noncompact 
will be proved in the next section together with Theorem 1 7. II 



10. Complete noncompact manifolds with bounded curvature 



In this section we first show that under the condition that the curvature tensor of (M, g(t)), 
a solution to the Ricci flow or Kahlcr-Ricci flow, is uniformly bounded on M x [0,T], the 
maximum principle can still apply and conclude the invariance of the cone Cp, Cp from 
Section 3. Moreover, the LYH type estimates for the Kahler-Ricci flow and the Ricci flow 
in Section 7 and 9 remain valid. 

First we show the invariance of the Cp and Cp. In fact the following maximum principle 
holds on noncompact manifolds. Consider V, a vector bundle over M , with a flxed metric 
h, a time-dependent metric connection D^^\ On M there arc time-dependent metrics g{t) 
and V'*-*; the Lcvi-Civita connection of g{t). When the meaning is clear we often omit the 
sup-script The main concern of this subsection is the diffusion-reaction equation: 

^ ' I /(x,0)=/o(x). 
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Here A = g^^ {x, t)DiDj. We know that after applying the Ulenbeck's trick |Hlj the study of 
the curvature operator under the Ricci flow equation is a subcase of this general formulation. 
One can modify the proof of Theorem 1.1 in [B-W| to obtain the following result. 

Theorem 10.1. Assume that M is a complete noncompact manifold and $ is locally Lip- 
schitz. Let {AI,g(t)) be a solution to Ricci flow such that \ Rm|(.T,i) < A for some A> 
for any {x,t) G M x [0,T]. Let C'{t) d V, t £ [0,T] , be a family of closed full dimensional 
cones, depending continuously on t. Suppose that each of the cones C(t) is invariant un- 
der parallel transport, fiberwise convex and that the family {C(t)} is preserved by the ODE 
-^f{t) = ^if)- Moreover assume that there exists a smooth section I which is invariant un- 
der the parallel transport and I £ C{t) for all t. If f{x, t) satisfies il0.1\) with f{x, 0) € C(0), 
\f\{x,t) <B on M X [0,r] for some B > 0, then f{x,t) G C{t) for {x,t) e M x [0,r] . 

Proof. The key is Lemma 110.11 below, which ensures the existence of a smooth function ip 
such that ip{x,t) +oo uniformly on [0,?7] for some 77 > and — A) ip > dp. Clearly 
once we can prove the result for [0,77] we can iterate the procedure and get the result on 

[o,r]. 

For any e > 0, we can fix a compact region K such that f{x, t) == f{x, t) + eipl £ C{t) for 
all (x, t) with X G M \ K . In fact one can choose K = B^{p, Rq), a. closed ball of a certain 
radius Rq with respect to the initial metric. Now for every t, p{x,t) = dist^ {f{x,t),Cx{t)) 
with Cx{t) = C{t) O Vx achieves a maximum somewhere. The argument of |B-W| can 
be applied and we only need to restrict ourselves over K x [0,77]. In particular we let 
p{t) ~ p{xo,t) = maxp(-,i). Since $ is locally Lipschitz it is easy to infer that there exists 
A' such that |/| + |<I>(/)| < A' for some constant A', on K x [0,T]. Since (p > 0, we can 
choose C large enough such that eC(/3l+$(/) - $(/) £ C{t) for aU {x,t) £ K x [0,r]]. Now 
the rest of the argument in |B-Wj can be evoked to conclude that D^p{t) < Lp{t) with L 
depending on the local Lipschitz constant of $. Here Z3_ is the lower Dini's derivative from 
the left. Precisely we have 

D-p{t) < (^./,/-i'oo>|(.„,t)-2($(z;„o),/(.To,i)-Voo) 
= 2{{Af){xo,t)J{xo,t)-v^) 

+2($(/) + e - '/'I - ^v^)J{xo,t) - v^). 

Here Voc is a vector in Vx^ such that dist(/(xo, i), Woo) — dist(/(2;o, t), C^q (t)). By Lemma 
1.2 of ^-W] 

((A/)(xo,t),/(a-o,i)-«oo) <0. 

For sufficient large C, eCi^I+<I>(/) - $(/) £ C{t), which implies that (eCi^I+$(/) - 
^{f)i f{xa,t) ~ Voo) < 0. Hence by the convexity of C(t), 

(*(/) + e (^^ - A^ v'l l(.o.t) + />o, - «oo) < 0. 
Combining the above we conclude that 

D^p{t) <2($(/(xo,0)-*(«oo),/(xo,0-^'oo> <Lp{t). 



The rest of the proof follows from jB-Wj verbatim. 



□ 
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Lemma 10.1. Assume that M is a complete noncompact manifold. Let (M,g{t)) be a 
solution to Ricci flow such that \ Rm \ {x,t) < A for some A> for any {x,t) G M x [0,T]. 
Then there exist Ci > and a positive function ip{x, t) such that for any given C > 0, there 
exists T] > such that on M x [0, 77] 

exp(Cfi(ro(2;) + l)) < 99(2;, t) < cxp(Ci(ro(a;) + 1) + 1), 

(|-a), > c 

Here rp {x) is the distance to a fixed point with respect to the initial metric. 

Proof. First by Lemma 5.1 of jH3| . there exist f{x) such that 

C^\l+ra{x)) < f{x)<Ci{l + ro{x)), 

|v/p + |vVl < c\. 

Now we let (p = exp(a< + f{x)). The claimed result follows easily. □ 

Corollary 10.2. Let {M,g{t)) be a solution to Ricci flow (or Kdhler-Ricci flow) such that 
I Rm I {x, t) < A for some A > for any (a;, t) G M x [0, T] . Then Cp is invariant under the 
Ricci flow. (Respectively, Cp is invariant under the Kdhler-Ricci flow.) 

Concerning the LYH type estimates for the Ricci flow and Kahler-Ricci flow, we can evoke 
the perturbation argument of Hamilton jH3| . Note that by passing to [e,T—e], the curvature 
bound, due to Shi's derivative estimates, implies that all the derivatives of the curvature 
are uniformly bounded. Now consider the perturbed quantity 

Q'iWOU) = {MiW),W) + j{W,W) + 2Re {P{W),U)) + {Rm{U),U) + ippl"^ 

where (/? and ip are the functions from Lemma 5.2 of |H3| . Following the argument of Section 
5 in [H3j verbatim we can show the following result. 

Corollary 10.3. Assume that {M, g{t)) a solution to the Ricci flow on M x [0, T] such that 
I Rm \ {x, t) < A. Assume that Iim{g{x, 0)) € Cp. Then for any t > 0, Q > for any (x, t) G 
Mx[0,T], W e T^M®<C and U € ^^{T^M^<C) such that U X^^^i W^,^Z^, with Wp = W. 
(Respectively, if (M, g{t)) is a solution to the Kdhler-Ricci flow with Iim{g{x, 0)) G Cp, then 

Q>0)- 



11. Complete noncompact manifolds without curvature bound 

We first discuss the existence of the Cauchy problem for (|2.ip . First we observe that the 
maximum principle of Section 2 holds for the Dirichlet boundary problem by a perturbation 
argument adding eujP. Precisely we have the following proposition. 

Proposition 11.1. Let (M,g) be a Kdhler manifold whose curvature operator Rm G Cp. 
Let n be a bounded domain in M. Assume that (j){x,t) satisfies that 

( §^^{x,t) + Agc^{x,t)=0, 

(11-1) I (t^{x,t)\9n>0, 

[ 0(x,O) = 0o(a^)>O. 

Then (j){x,t) >0 fort>0. 
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Note that the boundary condition (j){x,t)\ga > means that at any x € dVl and for any 
wi, • • • , Vp, ■ • ■ Vp;vi, ■ ■ ■ , Vp) > at x. Namely (j>{x, t)\dn does not mean the restriction 
of the (p, p)-form to the boundary. 

This will help us to obtain needed estimate to obtain a global solution in the case that 
M is a noncompact complete manifold via some a priori estimates. A basic assumption is 
needed to ensure even the short time existence of the Cauchy problem on open manifolds. 
Here we assume that there exists a positive constant a such that 

(11.2) B= f \My)\eM-ar^iy))dKy) 

where r{x) is the distance function to some fixed point o G M . The pointwise norm | • | for 
(h is defined as 



g^^^^ • • • g^P^P g^^^^ . . . g^p3p 



By basic linear algebra, for example, Lemma 2.4 of [SI], it is easy to see that for positive 
(p,p)-forms, there exists Cj,^,„ such that 

(11.3) \4>\{x)<Cp,^\K(t>\{x). 

Now the existence of the solution to the Cauchy problem can be proved for any continuous 
positive (p,p)-form (j}o{x) satisfying (|11.2|) . 

Proposition 11.2. Let {M,g) be a Kdhler manifold whose curvature operator Rm G Cp. 
Assume that 4>q{x) satisfies Ml/0j) . then there exists Tq such that the Cauchy problem 



(11.4) 



f 0(a;,t) + Ag0(x,t) ==0, 
(/>(x,0) =0o(x) > 



has a solution (j){x,t) on AI x [0,ro]. Moreover, (j){x,t) > on M x [0,ro] o.'rid satisfies the 
estimate 

(11.5) mx, t)<B- exp {2ar\x)) . 

Here Vx{r) is the volume of hall B{x,r). 

Proof. Let fl^ be a sequence of exhaustion bounded domains. By the standard theory on 
the linear parabolic system [F j IL-Uj . there exist solutions (/)^(x,t) on fi^ x [0,oo) such that 
(j))j,{x,t) = on dD. X [0,oo). Note that in terms of the language of jMol| . 0p(a;,i) = on 
dfl means that both the tangential part tc/)^ and the normal part vanish on dfl. Hence 
this is different from the more traditional relative or absolute boundary value problem for 
differential forms which requires t0 = tScj) = and ncj) = ndcf) = respectively. Nevertheless 
it is a boundary condition (which was studied in |Mol| ) such that together with Ag4> = it 
is hypo-elliptic and the Schauder estimate of |Sm| applies. To get a global solution we shall 
prove that there exist uniform (in terms of fj,) estimates so that we can extract a convergent 
sub-sequence. Note that A''0^i is a solution to the heat equation and |0^| < Cm.p-^^'Pti- L^t 



u{x,t) = H{x,y,t)\(j)o\{y)dti{y) 
Jm 

where H{x,y,t) is the positive heat kernel of M. By the fundamental heat kernel esti- 
mate of Li-Yau |L- Yj . it is easy to see that, under the assumption (|11.2p . there exists Tq 
such that u{x,t) is finite on if x [0,To] for any compact subset K. It is easy to see that 
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\(j)^\{x,t) < Cm,p-^^4'p. ^ C!'p„^u{x,t) by (|11.3p and the maximum principle for the scalar 
heat equation. Now the interior Schauder estimates |Smj (see also |Mo2| . Theorem 5.5.3 
for the corresponding estimates in the elliptic cases) imply that for any < a < \, K , a, 
compact subset of M, 

ll0A'll2,a,f ,if x[0,To] < C'C-?^', II II ooj^x [0,To] ) • 

Here II • ||2,Q,f is the C^'"-H6dler norm on the parabolic region. Since ||0/i||oo,A:x[o.To] is 
estimated by u{x, t) uniformly, we have established the uniform estimates so that, after 
passing to a subsequence, {(j)^{x,t)} converges to a solution <j){x,t) on M x [0,To]. 

It is obvious from the construction that (l){x, t) > 0. To prove the estimate (|11.5|) . appealing 
Li-Yau's upper estimate 

C(n) ( r^ix.v) 



we can derive that for < t < Tn < ttt, 

u{x,t) < -^|^^^cxp(^-^:^^ + ar2(j/)) |0o|(y)cxp(-ar2(y)) d;.(y) 

In the second inequality above we used the estimate that for < f < To < 15 



lOa 



-^^^^^ + ar\o, y) < + 2ar^{o, x) + 2ar^{x, y) < 2ar^x). 

3t 5i 



□ 



It is clear from the proof that if ^0 (2;) satisfies stronger assumption that 

(11.6) / |0o|(y)exp(-ar2-*(y))d/,(j/) <oo 

Jai 

for some positive constants S and a then the Cauchy problem has a global solution on 
M X [0,00). 

To deform a general (p,p)-form, we need the following generalization on a well-known 
lemma of Bishop-Goldberg concerning (l,l)-forms on manifolds with Ci. This also holds 
the key to extending Proposition 12 . 1 1 to the noncompact manifolds. 



Lemma 11.1. Assume that {Al,g) satisfies €2- Then for any {p,q)-form (j), 
(11.7) (/CS(0),^) <0. 

Proof. We shall check for the (p,p)-forms since the argument is the same for (p, g)-forms. 
For (j) = J2 '^/p 7p (^V—^dz^^ A dz^^^ A • • • A (^\/^^dz^p A dz^"^ , where the summation 
is for 1 < ii, • • ■ , jp, Ji, ■ ■ • ,jp < m. Under a normal coordinate, 



Recall that also under the normal coordinate, {Km{dz A dz dz'^ A dz*) = Ri^.gt. It is easy 
to check that C2 implies that {Rm{Zl A + Z2* A 1^2), Z* A T^* + Z* A Wl) > 0, for any 
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(1, 0)-forms Zl, Zj, Wi , W^2*- We shall prove the claim by computing the expression under 
a normal coordinate. For any fixed Ip, Jp and /i, v with 1 < ^,i> < p we can define 

m m 

Now Rm being in C2 implies that 



(11.8) (Rm(dz*^' A - A dz^"), dz^>- A 77^ - A dz^-) > 0. 

Now using that 

lv,s,t 

we can expand the left hand side of (|11.8p and obtain that 



E 't'h--ik^)^---i^Jp^k^ii,ll]Al^J^...Xl^---jp 

+ E "^/p ji ■ ■ ■ (uT- ■ -Jp '"^ '^ip ji ■ ■ -(inr- ■ -Jp • 



Now summing for all 1 < ii, • • • , ip,ji, ■ ■ ■ t jp < m and \ < ^.^v < & tedious, but straight 
forward checking shows that the total sum of the right hand side above is — 2(/CK(0), 0). □ 



An immediate consequence of the above lemma is that any harmonic [p, q) -form on a 
compact Kdhler manifold with C2 must he parallel. This fact was known for harmonic {p, 0)- 
forms under the weaker assumption that Ric > and for harmonic (1, l)-forms under the 
nonnegativity of bisectional curvature. In fact, using the full power of the uniformization 
result of Mori-Siu-Yau-Mok, the result holds even under Ci . Hence it does not give any new 
information for compact Kahler manifolds. 

Another consequence of Lemma lll.ll is the following result, which generalizes Lemma 2.1 
of [N-T2| ■ by virtually the same argument. 

Corollary 11.1. Let M"^ he a complete Kdhler manifold with €2- Let(j}{x,t) he a {p,p)-form 
satisfying 112. 1\) on M x [0,2"]. Then \(j)\{x,t) is a sub-solution of the heat equation. 

This together with the proof to Proposition 111.21 gives the following improvement on the 
existence of the Cauchy problem for initial (p,p-forms not necessarily positive. 

Proposition 11.3. Let {M,g) he a Kdhler manifold whose curvature operator Rm G C2. 
Assume that 4io{x) satisfies ilLS^) . then there exists Tq such that the Cauchy prohlem {11.4^ 
has a solution (j){x,t) on M x [0,ro]- Moreover, ill.5\) holds. 
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Proof. Observe that 4)^{x,t) in the proof of Proposition 111.21 satisfies that \(j)^\{x,t) is a 
sub-solution to the heat equation, hence |(/)^|(a;,<) < u{x,t). The rest proof of Proposition 
111.21 applies here. □ 

A more important application of the lemma is the following extension of Proposition 12.11 
This also extends Theorem 2.1 of |N-T2j . 

Theorem 11.2. Let (M,g) be a complete noncompact Kdhler manifold withCp. Let (j)(x,t) 
be a {p,p)-form satisfying \2.1]) on M x [0,r]. Assume that 4>{x,0) > and satisfies \11.2\) . 
Assume further that for some a > 0, 



(11.10) liminf / / |(/)|^(a;, <) exp(-aH(a;)) d/x(a;)dt < cx). 

Jo Jb„{t) 

Then <j){x,t) > 0. Moreover ill.5]) holds. 

Before we prove the theorem, we should remark that even though Proposition ! 1 1 . 2l providcs 
a solution to the Cauchy problem which is a positive (p, p)-form, it is also useful to be able 
to assert that certain solutions, which are not constructed by Proposition [TTT21 preserve the 
positivity. For example, ii cj) = y/^ddrj and rj satisfies (|2.ip . It is easy to see that (j) satisfies 
(j2.1[) since Ag is commutable with d and d. If we know that \/—lddrj > at t = 0, it is 
desirable to know when we have 4'{x,t) > 0. 

Proof. We employ the localization technique of |N-T2| . Let an be a cut-off function between 
and 1 being 1 in the annulus A{^, 4i?) = B{o, 4i?) \ B{o, -j) and supported in the annulus 
A(f,8i?). Let 

UB{x,t)=l H{x,y,t)\(j)\{y,0)aRiy)dfi{y) u{x,t) ^ H{x,y,t)\(j)\{y,0)dfi{y). 
Jm Jm 

Clearly uji{x,t) < u{x,t). However the following result is proved in [N-T2j . Lemma 2.2. 

Lemma 11.2 (Ni-Tam). Assume that 0(x,O) satisfies \1L2]) . Then there exists To > 
depending only on a such that for R > max{v^, 1}, the following are true. 

(1) There exists a function r = T(r) with limr_i.oo '''(^) = such that for all {x,t) € 

A„(f,2i?) X [o,ro], 

u{x, t) < Ufi{x, t) + t{R). 

(2) For any r > 0, 

lim sup un — 0. 

Ba(r)x[0,To] 

Lemma [11.11 above implies that t) + t{R))ujP can be used as a barrier on dBo{R) x 

[0, To] since by Corollary 111.11 and the maximum principle on complete noncompact Rie- 
mannian manifolds, that is where the assumption (jll.lOp is needed, |(/)|(a;,<) < u{x^t) < 
UR{x,t) + t[R) on dBo[R) x [0,To]. In fact 

{{ur{x, t) + t{R))ujP + (/)) (wi , • • • , Dp; wi , • • • , Wp) > ur{x, t) + t{R) - |0| (x, t) > 

for any (wi, • • • ,Vp) which can be extended into a unitary basis of T'^M . Now apply the 
argument of Proposition 1 2 . 1 1 on Bo{R) x [0,T] we can conclude that 

{uR{x,t) +t{R))ujP + (j)>0 
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on Bo{R) X [0, To] as a (p,p)-form since (p^x, 0) > 0. Now the result follows by letting i? — > oo 
and the facts that limij^oo sup^^^^^^jo.To] ""-R = proved in the lemma, and t{R) — > 0. Since 
< u{x,t), the estimate (|11.5p follows as before. □ 

We devote the rest to the proof of Theorem 14.11 and Theorem 16.11 for the case that M is 
noncompact complete. Since one can pick a small S > and shift the time t ^ t — 5 and 
multiply the expression Q by t — (5, we may assume without the loss of the generality that 
0, d*cj), d*(j>, d*d*(j> are all smooth up to t = 0. 

First we observe that if is a positive (p,p)-form, then hP(t){x, t) is a nonnegative solution 
to the heat equation, hence satisfies (|11.10p by the estimate of Li and Yau. Precisely, 

Af0(x,t)< AP(/.(o,l).i-.expf^ '^'^^^ 



In particular, for | < T < 1 — (5, one can find a > such that 

{AP(j)f {x, -) cxp{-ar'^{x)) dfi{x) + / {AP<j)f exp(-ar^(x)) dfi{x) dt <oo. 

Since \(t>\ < Cm.pAP4> we can conclude that satisfies the above estimate. Applying Lemma 
lll.ll to (p — l,p) and {p,p'~ 1) forms implies the following estimates: There exists Cm.p > 
such that 

(11-11) (^A~^^I0|2 > c™,p (i^c/^p + , 

(11.12) (^A-^) (|a*0|2 + |a*0p) > c„,p|ra*0|2, 

(11.13) (^A-^yd*d*cb\^ >o. 

By the same argument of the proof to Lemma 1.4 in |N2| we can conclude that there exists 
a' > Q such that 

(11.14) r [ + + \d*(l)\^ + cxp(-aV2(a;)) < 



C!0. 



M 



Note that by the mean value theorem for the subsolution to the heat equation |L-T) . one 
can obtain pointwise estimates for + + |i9*0p + \d*d*(j)\'^ at t = 5. Now with the 

help of the argument for the compact case, the same proof as Theorem 111.21 via the barrier 
argument, applying to Q which is viewed a (p— l,p— l)-form valued Hcrmitian symmetric 
tensor, proves Theorem 14.11 on complete noncompact manifolds. The corresponding result 
with the Kahlcr-Ricci flow, namely Theorem 16. 1[ is very similar. Hence we keep it brief. 
Due to the bound on the curvature there exists a positive constant am, a-, depending on the 
upper bound A of the curvature tensor so that 

(11.15) (^A - ^) (e-"".-* . |0|2) > c,„,pe-"--* • + la^^p) , 

(11.16) (^A - (e-"".-* . + > c™,pe-"'">-* • \d*d*^\\ 

(11.17) (a - (e-"".-'i* . \d*d*(l)\^) > 0. 
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There are modified point- wise estimates for tlie positive soiutions coupled witli tlie Ricci flow 
to replace the Li-Yau's estimate. See for example Theorem 2.7 of |N3j (a result of Guenther 
jGuj ) . There is a corresponding mean value theorem for the nonnegative sub-solutions to 
the heat equation. See for example Theorem 1.1 of |N1| . Putting them together the similar 
argument as the above applies to Theorem 16. II 

Remark 11.3. The argument here in fact proves Theorem 1.1 of jN2| without the as- 
sumption (1.5) there since that assumption is a consequence of the semi-positivity of h and 
Li- Yau 's estimate for positive solutions to the heat equation. 

12. Appendix. 

Here we include Wilking's proof to Theorem 13.11 (also included in |C-T| ) following the 
notations of Section 3, which was explained to the first author by Wilking in May of 2008. 

Recall that ad^, : so(n,C) — > so(r7,, C) mapping w to The operator ad(.) can be 

viewed as a map from so{n, C) to the space of cndmorphisms of so{n, C). It is the derivative 
of Ad, the adjoint action of SO(ri, C) on so(n,C), which maps SO(ri, C) to automorphisms 
of so(n,C). This is a basic fact in Lie group theory. Another basic fact from Lie group 
theory asserts that e**^" — Ad(Exp(u)). 

For the proof of Wilking's theorem we need to recall the following identity for Rm'^. 

(12.1) {Rm*{v),w) = ^Y.([Rm{b'^),Rmib%v){[b^,b%w). 

a, 13 

Here {6"} is a basis for SO (n, C). It suffices to show that if (Rm(Do), I'd) =0, (Rm*(i)o), uo) > 
0. Here we identify A^(C"') with so(n,C) and and observe that the action of SO(n,C) on 
A^(C") is the same as the adjoint action under the identification. 

Given above basic facts from Lie group theory, for any b e so(n,C), and z G C, consider 
(Ad(Exp(2&))) (vq) = Exp(z6) • vq ■ Exp(— z6). Since Exp(z&) e SO(n,C), we conclude that 
(Ad(Exp(z&))) (wo) e S. Hence v{z) = '^^f • v„ e S. Thus if we define 

/(z) := (Rm(«(z)),^) 

it is clear that I{z) > and /(O) = 0, which implies that ■^^I{z)\z=a > 0. Hence for any 
b € so{n, C), (Rm(adfc(i'o)), adb{vo)) > 0, which can be equivalently written as 

(12.2) (Rm-ad„„(6),ad-„(5)) > 0. 

This is equivalent to — ad^r^ • Rm • ady„ > 0, as a Hermitian symmetric tensor. 

By equation (|12.ip (Rm'^(uo), I'o) > is the same as ^ trace(— adjj^ ■ Rm • ad^^ • Rm) > 0. 
This last fact is implied by (|12.2p as follows. Let Aq be the eigenvalues of — adyg ■ Rm • ad^j^ 
with eigenvectors b". Then for Aq > 0, 6" = j- advg{w"), where w" — Rm-ad„o(6"). At 
the mean time 

trace(— ad^^ • Rm • ad^,;, • Rm) = ^ (Rm • (— ad^j„ • Rm • ad„Q ) (5") , 5") 

= A«(Rm(6"),F) 

A„>0 
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= V T-(Rm-ad^n(u;"),ad„o(w")) 

— 

A„>0 

= V -!-(Rm-ad„„(i?^),ad^Q(w")). 

An 

A„>0 

The last expression is nonnegative by (|12.2p . 
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